General analytical expressions are presented for the b matrix used in diffusion NMR imaging and spectroscopy. These expressions are evaluated in the case of a two-dimensional Fou rier-transform spin-echo imaging sequence and show the effect of"cross terms" between gradient pulses. The diagonal and off diagonal components of the b matrix are calculated for the an isotropic diffusion tensor. The proposed analysis allows diffusion coefficients and tensors to be determined accurately and with greater efficiency.
INTRODUCTION
The ability to measure molecular diffusion noninvasively and in vivo using magnetic resonance imaging (MRI) has generated great interest and is only beginning to be exploited clinically. Its potential applications include imaging of mo lecular diffusion, functional assessment, tissue characteriza tion, and treatment monitoring (1) . The b factor can easily be calculated analytically for simple pulse sequences used in spectroscopy. However, for com plicated imaging pulse sequences that may contain localiza tion, crusher, and diffusion gradients, b factors have been evaluated either numerically or experimentally ( by calibrat ing the diffusion coefficient from a phantom material) (9) .
Accurate determination of the b factor, taking into account all gradient pulses, is necessary for diffusion measurements.
One complication is that imaging and diffusion gradients interact with one another, producing additional "cross terms" in the b factor that, if unaccounted for, can lead to an in correct estimate of the diffusion coefficient (10) . Another complication is that, in order to describe effective diffusion in some anisotropic media, such as skeletal muscle ( 11) and brain white matter (12) , one must use a more general expression than Eq. [1] , [2] in which biJ is a component of the b matrix, b, and DiJ is a component of the effective self-diffusion tensor, D (1 3). In Eq. [ 2] , one must determine the nine elements of the b matrix, rather than one scalar b factor.
In this paper, we present analytical expressions for the b matrix used in NMR diffusion spectroscopy and imaging for a generalized two-dimensional Fourier-transform spin-echo pulse sequence. For an imaging sequence, we show the effect of cross terms between gradient pulses. Finally, we predict the form of the diagonal and off-diagonal elements of the b matrix.
THEORY

Expression for the b Factors
The solution to the Bloch equations for a 90°-180° spin echo pulsed-gradient NMR experiment with diffusion gra dients (1 4) is well known, as is the modifi cation of Stejskal to describe free diffusion in an anisotropic medium (15) .
We use analytical expressions for the gradient-pulse se quences, G(t), where
and functions of G ( t),
to derive an analytical expression for the echo intensity, using the formula (1 5)
Here, 'Y is the gyromagnetic ratio, TE is the echo time, ( t) = 0 when t < !TE, (t) = 1 when t ;;;. TE, and D is the effective or apparent diffusion tensor. The b matrix, b, used in Eq. [2] , is given by (13) f
Analytical expressions relating the echo intensity and the apparent diffusion tensor are presented for spectroscopic pulse sequences. If G; and Gj are the maximum field gradients along the ith andjth coordinate directions, respectively, then for a spin-echo sequence in the presence of a constant gra dient, the b matrix is [6] For a pair of rectangular gradient pulses, with duration o separated by a time interval Ll, as illustrated in Fig. 1 b, the b matrix is [7] With a pair of sinusoidal gradient pulses, with duration o separated by a time interval Ll, as illustrated in Fig. 1 c, Finally, for a pair of symmetric trapezoidal pulses like those shown in Fig. 1 d, where o is the time between the initial rise of a trapezoidal pulse and the end of its plateau, Ll is the time between the initial rise of the first and second gradient pulses, and f is the rise time of the trapezoidal ramp, the b matrix is (13) y, or z direction, where li is the pulse duration and 8 is the time between the onset of the fi rst and second gradient pulses. (c) Sinusoidal diffusion gradients along one coordinate axis, the x, y, or z direction, where li is the pulse duration and 8 is the time between the onset of the first and second gradient pulses. (d) Trapezoidal diffusion gradients along one coordinate axis, the x, y, or z direction, where li is the time between the onset of a trapezoidal pulse and the end of its plateau, < is the rise time of the trapezoidal ramp, and 8 is the time between the onset of the first and second gradient pulses.
These formulas reduce to the familiar one-dimensional expressions for isotropic media (16) (17) (18) (19) .
With more complicated imaging pulse sequences, how ever, Eq. [5] becomes too tedious to evaluate by hand. We therefore used a symbolic manipulation program, similar to that employed by Price and Kuchel (20) ( who derived simple analytical expressions for scalar b factors in basic diffusion spectroscopy and imaging sequences), to derive analytical expressions for the b matrix for imaging pulse sequences. In evaluating Eq. [ 5] , we have included in the pulse sequence localization, diffusion, and crusher gradients, which are known to affect the echo intensity ( 6).
We synthesize the generalized imaging sequence shown in Fig. 2 from a library of individual sinusoidal and trape zoidal gradient pulses. The parameters, such as gradient pulse shape, intensity, and duration, are described in the note to Table 1 . We include all gradient pulses that are typically encountered in 20 FT spin-echo pulse sequences, as shown in Fig. 3 . +{G6iG6J76d· [ 10] +{ G4iGsJ + GsiG4J74s We synthesize a generalized imaging pulse sequence using sinusoidal-shaped diffusion and crusher gradient pulses, as shown in Fig. 2b . In this case, the analytical expression for the elements of the b matrix is the same as that in Eq. [ 10] .
The 7kt • which are combinations of the time intervals and pulse parameters, are defi ned in Table 2 .
The plane of the image to be acquired specifi es the read, phase, and slice directions with respect to the x-, y-, and z coordinate directions. For the three basic imaging planes, the following relationships between the axis and image co ordinate directions are defi ned: axial image, x = read, y = phase, and z = slice; sagittal image, x = slice, y = read, and z = phase; and coronal image, x = phase, y = slice, and z = read. For i = j, the gradient pulses lie in the same coor dinate direction ( e.g., in the read direction), while for i * j, the gradient pulses lie along different coordinate directions ( e.g., the read and phase directions). Some of the gradient pulses may be set to zero ( i.e., they are not used in a particular coordinate direction). For example, there is no slice-selection gradient in the readout direction. In some cases it is useful to calculate the diagonal and off-diagonal elements of the b matrix separately; Eq. [10] allows for the accurate and quick determination of these elements.
Diagonal Elements of the b Matrix (bii• i = ))
For diffusion in an isotropic medium, in principle, we need only consider the diagonal elements of the b matrix. 
, the read-dephasing, phase-encoding, or slice-refocusing gradients, respectively; G3 = (Gd,• Gdp' or Gct ), the diffusion gradients in the read, phase, and slice directions, respectively; G4 = (Gc,• G cp' or Gc), the crusher gradients in the read, phase, and slice directions, respectively; G5 = {iG51), a 180° slice-selection gradient; and G6 = (Gro), the readout gradient.
In the read direction (brr = bread), G1 = 0,_ G2 = Grdp • G3 = Gd,, G4 = G c,• G5 = 0, and G6 = Gro• the corresponding diagonal element of the b matrix reduces to , + brr = 'Y 2 { G;ctp722 + 2Gct,Grctp723 + 2Gc,Grctp724 + G ,733 + G ,744 + 2Gc,Gd,734 + G;o766 + 2GroGrdp7z6}. [11] In the phase direction (bpp = bphase), G1 = 0, G2 = Gpe• G3 = Gct , p G4 = Gc p , G5 = 0, and G6 = 0, the corresponding diagonal element of the b matrix reduces to bpp = ')' 2 {G e722 + 2Gd P Gpe723 + 2Gc P Gpe724
Thus, b PP varies as Gpe is incremented. However, most b factor calculations assume that Gpe = 0, corresponding to
The generalized imaging gradient-pulse sequences used to derive the analytical b-matrix expressions. In this fi gure Gk; (k = I through 6) are the gradient-pulse strengths in the ith coordinate direction (i.e., the read, phase, or slice direction). The different gradients are G1, the 90° slice-selection gradient; G2, a phase-encode, read-dephase, or slice-refocusing gradient; G3, a diffusion gradient; G4, a crusher gradient; G5, the 180° slice-selection gradient; and G6, the readout gradient. lik is the pulse duration, E is the rise time of the trapezoidal ramp, and tk is the time at which the gradient pulse turns on. In this figure, gradient pulses are shown with (a) trapezoidal or (b) sinusoidal diffusion and crusher gradients.
the center line of Fourier space in the phase-encode direction (i.e., at the top of the echo). With this condition, the expres sion further reduces to brp == -y 2 { Grd pGp e-r2 2 + (Gd pGr dp + Gd, Gpe )-r2 3 +
In the slice direction (bss= bsli ce), G1 = Gsi, Gz = Grsr, G3 = Gc�s, G4 = Gc,• G5= !Gs o and G6 = 0, the corresponding diagonal element of the b matrix reduces to bss = 'Y2 { G;I ( T11 + T15 + Tss) + 2Gs1Gsrr(Tl2 + !Tzs)
+ GiT33 + G T 44 + 2Gc, Gels T34}. [ 13] Off-Diagonal Elements of the b Matr ix (b;1, i =I= j)
When we consider diffusion in an anisotropic medium, we must replace the scalar diffusion coefficient with a dif fusion tensor and the scalar b factor by the b matrix as in Eq. [2] . Previously, only the diagonal elements (Drr, D PP ' and D85 ) and their respective b factors (brro bPP' and b85) had been considered in the context of anisotropic diffusion spec troscopy (15, 17, 18, 20) and imaging (5, 20, 21) ; recently, the remaining six off-diagonal elements ofD (D rP, D r s , Dps, Dpn Dsro and Dsp ) and their respective b factors (brP, br s, bP., bpn bsr o and bsp)have also been considered (13) . There should be no confusion between the off-diagonal elements of the b matrix and "cross terms" (10) (groups of terms that may appear within an individual b factor).
The diagonal b-matrix expressions brr, bPP' and bss are identical to those derived above in Eqs. [ 11] - [ 13] . By con struction, the b matrix is symmetric (bu = b1;, brP = bpn bps = bsp• and br s = br s) so that only three of the remaining six off-diagonal elements of the b matrix need to be determined.
They are + ( GCp Grdp + Gc, Gpe)Tz4 + Gd, Gdp T33 + Gcp Gc, T 44 + (GepGct, + GctpGc ) T34 + GroGpeTzd, [1 4] brp == -y 2 { Grd pGp e-r2 2 + (Gd pGr dp + Gd, Gpe )-r2 3
and bps= 'Y 2 { Gs1Gpe(Tl2 + !Tzs) + GsPd P (T13 + !T35) + 2Gs1Gc/ T14 + !T45) + GsrrGpeT22 + ( Gc�s Gpe + Gctp Gsrr)T23 + ( Gcp Gsrr + Gpe Gc.)T24 The abbreviations used in these parameters are as follows: lh is the kth gradient-pulse duration (k-1 through 6), i.e., either the time between the initial rise of a trapezoidal pulse and the end of its plateau or the pulse duration for nontrapezoidal gradient-pulse shapes, and e is the rise time for the trapezoidal ramp.
The times at which the gradient pulses begin are given by 1;: -12 for G1; 12 for G2; 131 for the fi rst diffusion gradient G3; 141 for the fi rst crusher gradient G4; t5 for G5; 132 for the second diffusion gradient G3; 142 for the second crusher gradient G4; and 16 for G6• The time between the kth gradient pulses in the pulse sequence Ilk is given by 6.2 = (TE -12), the interval between echo time and refocusing gradients; 6.3 = (132 -131), the interval between the diffusion gradients; and 6.4 (t42 = -141), the interval between the crusher gradients. Note that Tkt = Ttk·
Here, also, Gpe is usually set to zero (the center line of Fourier space). These equations allow us to calculate the off-diagonal elements of the b matrix for an imaging se quence, shown in Fig. 3 , in which the diffusion gradients are applied in any of the three imaging directions.
EXPERIMENTAL METHODS AND RESULTS
We performed numerical integration of Eqs. [ 3] and [ 5] to determine the scalar b-factor values, using a program written in IDL (Interactive Data Language, Research System, Inc., Boulder, Colorado), as described by LeBihan et al. (6) . We also calculated the analytical b-matrix values from Eqs. [ 16] .
For the trapezoidal diffusion gradients, a comparison of the numerical and analytical diagonal b-matrix values was performed. The gradient-pulse parameters were taken from a typical imaging protocol for a 4.7 T spectroscopy /imaging system (GE Omega, Fremont, California), with phase-en code steps = 1 28, slice thickness = 2 mm, block size = 256, ramp time = 200 J.LS, and TE = 40,000 J.LS. The other imaging parameters are defi ned in Table 3 ; our 4. 7 T magnet is ca pable of producing 2.0 G /mm maximum gradient strengths in any coordinate direction. By inserting the parameters into the three expressions for the diagonal components of the b matrix, Eqs. [ The diffusion gradients, Gct,, Gct ' and Gct. p , are in G/mm; the b matrix is given in s/mm2• The parameters in Table 3 were used to compare the an alytical b-matrix values and those calculated numerically.
The calculated diagonal b-matrix values agreed to within four signifi cant digits for both trapezoidal and sinusoidal dif fusion gradients in the read, phase, and slice directions. a' +_!_• 3 0
. a.
) ' ' +-e'
Note. Listed are the imaging parameters used to describe the pulse sequence (the functional form of the gradient pulse, e.g., its shape, duration, and magnitude) shown in Figs. 2b and 3b. The timing parameters used in the analytical expression for the sinusoidal b matrix are defi ned in this table. The abbreviations for these parameters are the same as those described in the legend to To validate the diagonal b-matrix values, we obtained co ronal images (64 X 64 pixels) of two isotropic materials, water and polyacrylamide gel phantoms, with the diffusion gradient varying from 0 to 1 .5 G/mm, in each of the three coordinate directions (l,'ead, phase, and slice). We measured the temperature of the phantom using Luxtron fi beroptic probes, and the images were acquired when the system was at a stable temperature. For the water phantom, the slice thickness was 4 mm, the ramp time was 1 .0 ms, the fi eld of view was 40 mm, and TE was 120 ms. For the polyacrylamide gel phantom, the slice thickness was 1 0 mm, the ramp time was 0.5 ms, the fi eld of view was 64 mm, and TE was 1 00 ms. Other imaging parameters for these experiments are given in Table 3 .
The cross terms in Eqs. [ 1 7 ] -[ 1 9], consisting of those terms that do not depend on the square of the diffusion gra dient (Gd ' Gd } 1 , are signifi cant especially for small diffusiongradient values. In order to assess the error we make in ig noring them, we must compare the estimates of the diffusivity with and without these cross terms. First, we use Eq. [9] , which assumes no contribution from the imaging gradients, to estimate the diffusivity using Eq. [ 1 ] . We then use Eqs. [ 13] . In using Eqs. [ 1 1] [ 1 3], which take into account the cross terms, we see that both the linearity of the data points and the equality of the estimated diffusion coefficients in the three directions support the conclusion that the b-matrix values were calculated cor rectly.
For the water phantom (Fig. 4) , the diffusion coefficients at 1 6.0°C estimated using Eqs. [ 1 1], [ 1 2 ], and [ 1 3], respec tively, were Dread = ( 1 .74 ± 0.06) X 1 0-3 mm2/s, X2 = 0.0009, Dphase = ( 1.7 1 ± 0.06) X 1 0-3 mm2/s, X2 = 0.0009, and Dsti c e = ( 1 .74 ± 0.06) X 1 0-3 mm2/s, X2 = 0.00 18, which are the same to within experimental error. This con clusion is further supported by comparing these estimated diffusivities with the spectroscopically obtained estimated diffusion coefficient. In this experiment, we estimated that D = ( 1 .74 ± 0.03) X 1 0-3 mm2/s, X2 = 0.04, whereas, using Eq. [9] , which ignores cross terms, produced data points that were noncollinear, and resulted in an incorrect estimated diffusivity: Dread= ( 1 .50 ± 0.06) X 1 0-3 mm2/s, X2 = 0.0 1 8 , Dphase = ( 1.48 ± 0.06) X 1 0-3 mm2/s, X2 = 0.02, and Dsli c e = ( 1 .64 ± 0.06) X 1 0-3 mm2/s, x2 = 0. 1 1.
For the polyacrylamide gel phantom (Fig. 5) , the dif fusion coefficients at 1 6.0°C estimated using Eqs. [ 1 1 ], [ 1 2 ], and [ 1 3], respectively, were D read = ( 1 .47 ± 0.05) X 1 0-3 mm2/s, X2 = 0.003, Dphase = ( 1 .45 ± 0.05) X 1 0-3 mm2 /s, X2 = 0.0005 , and Dsli c e = ( 1 .43 ± 0.04) X 1 0-3 mm2/s, x2 = 0.0008, which are the same to within ex perimental error. This conclusion is further supported by comparing these estimated diffusivities with the spectra 
Note. The kth gradient-pulse strengths (Gd, the gradient-pulse durations (od, and the time during which the gradient pulses are turned on during the pulse sequences (tk) are defined in the caption to Table I scopically obtained estimated diffusion coefficient. In this experiment, we estimated that D=( 1.43 ± 0.06) X 10-3 mm2/s, x2 = 0.001. In contrast, use of Eq. [ 9] , which ignores cross terms, produced data points that were noncollinear, and resulted in an incorrect estimated diffusivity: Dread= 6.76 X 10-3 mm2 /s, X2 = 6.57, Dphase=6.34 X 10-3 mm2/s, X2 = 5.70, and Dsli c e = 6.12 X 10-3 mm2/s, X2=8.11.
.. [II], [ 12] , and [ 13] , we see that both the goodness of fi t and the agreement with the diffusivities estimated from imaging and spectroscopic measurements indicate that the b-matrix values were calculated correctly (e). To demonstrate the effect of cross terms on the estimation of the diffusivity, we also calculated the scalar b factors using Eq. [ 9] , intentionally omitting the cross terms ( +). Both the poor fi t and the significant disagreement with the diffusivity estimated from spectroscopic measurements demonstrate that calculating the b factors without the cross terms leads to signifi cant errors in the estimation of diffusivities.
The parameter values from [II], [ 12] , and [ 13] , we see that both the goodness of fi t and the agreement with the dilfusivities estimated from imaging and spectroscopic measurements indicate that the b-matrix values were calculated correctly (indicated by •). To demonstrate the effect of cross terms on the estimation of the diffusivity, we also calculated the scalar b factors using Eq. [ 9) , intentionally omitting the cross terms (t). Both the poor fi t and the signifi cant disagreement with the diffusivity estimated from spectroscopic measurements demonstrate that calculating the b factors without the cross terms leads to signifi cant errors in the estimation of dilfusivities.
These b matrices illustrate the significance of the cross terms, and the magnitude of the off-diagonal compared to the di agonal elements.
DISCUSSION AND CONCLUDING REMARKS
The proposed analytical expressions of the b matrix permit accurate and efficient determination of the diagonal and off diagonal elements of the effective diffusion tensor in NMR diffusion spectroscopy and imaging. The goodness of fit to Eq. [1] of the imaging data shows that the calculated b matrix used in Eqs. [11] - [13] explains the diffusion data well. The b-matrix values are calculated in the pulse sequence and are automatically inserted into the image fi le headers. The im aging data from the water and polyacrylamide gel showed that the diffusion coefficient in each of the three coordinate directions are similar, within allowable experimental error.
Our work confirms that ignoring cross terms can introduce significant errors into the estimate of the diffusion coefficient. Using analytical expressions or numerically evaluated b-ma trix values eliminates this source of error.
In order to achieve the largest value of the b matrix for a given pulse sequence, one should choose the orientation of the diffusion and crusher gradients to be the same orientation as those the other imaging gradients along that coordinate direction. That is, if the readout gradients are positive or negative, the crusher and diffusion gradients should be pos itive or negative, respectively. Likewise, if the 90° and 180° slice-selection and crusher gradients are positive or negative, the diffusion gradient in the slice direction should be positive as described by Basser eta!. (13, 23) .
